Abstract. We show that Renormalization Group extensions of the Einstein-Hilbert action for large scale physics are not, in general, a particular case of standard Scalar-Tensor (ST) gravity. We present a new class of ST actions, in which the potential is not necessarily fixed at the action level, and show that this extended ST theory formally contains the Renormalization Group case. We also propose here a Renormalization Group scale setting identification that is explicitly covariant and valid for arbitrary relativistic fluids.
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Introduction
Scalar-Tensor (ST) theories of gravity are known since the sixties, when Brans-Dicke theory was proposed [1] . They can be defined as gravitational models, given by an action principle, whose fundamental fields are a rank two tensor (the metric) together with one or more scalar fields 1 , and are such that they interact non minimally with the metric. They constitute theories with well defined actions that may work as extensions or alternatives to General Relativity. They are an ample framework that in particular includes the Horndeski action [2] , which has been in the focus of diverse current theoretical works (e.g., [3] [4] [5] ). Moreover, purely metric gravitational theories, whose the kinetic part is nonlinear on the Ricci scalar (e.g., f (R) theories) or nonlinear on other metric scalars (e.g., f (R, R µν R µν , R...)), can be written as an action that depends linearly on these metric scalars but coupled to additional scalar fields, and hence in ST form (for a review on f (R) see Ref. [6] , and for the more general case see Refs. [7, 8] ). In spite of the wide scope of ST theories, we present here an extension to the standard picture. Its fundamental fields are indeed a metric and a scalar field (or some scalar fields), but the potential needs not to be fixed at the action level, which implies, as it will be shown, that its form can in general depend on constants associated with matter properties and the boundary conditions. In the standard ST picture, the potential is defined as a function of the scalar field, and this function is fixed at the action level (hence this function is the same for any system, say at the solar system or at cosmological scales). In the proposed extended picture, the potential is defined as a scalar whose spacetime dependence is neither explicit nor it is obtained from the metric or matter fields. This is a more general definition than the previous one, this case does not fix the form of the potential at the action level, it only states on what the potential cannot depend on. Implicitly, there is a statement that the potential, if not a constant, does depend on the scalar field, but there is no statement, at the action level, on the form of such dependence. At the field equations level, one may solve the differential equations in order to derive the specific potential form for the given matter content and boundary conditions.
Since the two type of potentials described above lead to different field equations solutions, it is convenient to introduce a notation in order to differentiate both cases. Namely, for the standard potential case, we use V (φ), while for the extended case we use V {φ}. The full details on the system-dependent potential case can be found in section 4.
In this work, we show that the Renormalization Group (RG) extensions to the EinsteinHilbert action, considering large scale phenomena, naturally can be put in the extended ST picture described above. This is a relevant result since it both provides a motivation to the extended ST that is here proposed and a way to compare gravity related RG effects to the ST picture.
Quantum effects in gravity have been studied for a long time within diverse approaches. Since General Relativity is a perturbatively non-renormalizable theory, it is common to consider it an effective low energy theory, therefore, at sufficiently high energies (or small distances), it should yield wrong predictions, and hence it should be modified (e.g., Ref. [9] [10] [11] [12] ).
A particular type of quantum correction, and its phenomenological consequences, has been attracting considerable interest currently, namely that of nontrivial Renormalization Group (RG) flows. These corrections can be relevant both in quantum gravity or in Quantum Field Theory (QFT) in curved spacetime (for reviews on diverse aspects see [13] [14] [15] [16] ). The interest on nontrivial RG flows comes from two fronts: one from a high energy perspective, and the other from a low energy one. Considering the former, nonperturbative renormalizability (with unitarity) may be achieved from the Asymptotic Safety program (for reviews see [14, 17, 18] ). The low energy case modifications can be motivated from the former high energy case, but do not really depend on it, in particular do not depend on the existence of a non-Gaussian UV fixed point which is crucial for the Asymptotic Safety program. It was realised that there is actually no reason to assume that the β-functions 2 of both the gravitational coupling G and the cosmological constant Λ must quickly approach zero as the RG energy scale becomes small, likewise happens to QED or QCD (e.g., [19, 20] ). Hence, in particular, the RG flows of G and Λ need not to satisfy the Appelquist-Carazzone decoupling theorem [21] . Related comments and results can be found in diverse references, including of covariant scale setting procedures in Subsec. 2.4. Section 3 is devoted to present and exemplify methods for the derivation of Λ (from the knowledge of G(µ) and a scale setting for µ). Section 4 details the extended ST picture with system dependent potential and compares it with the Einstein-Hilbert action with RG effects. Our conclusions are presented in section 5.
2 Effective action approaches to the Renormalization Group effects at large scales 2.1 The RG improved action with external G and Λ In Refs. [25, 26, [33] [34] [35] 41] , see also [44-46, 51, 53, 60] , it is argued in favour of the following action capable of enclosing the large scale Renormalization Group effects for gravity
In the above, G and Λ are not true constants, their values depend on a certain RG scale, which we label µ (k is another commonly used notation). On the other hand, neither G nor Λ are standard classical scalar fields. They behave as scalars under coordinate transformations, but, as it is stressed in the above references, G and Λ are external fields. In particular, Refs. [26, 33] stress the external character of G and Λ as the main difference between the action (2.1) and usual ST theories. 5 By labelling G and Λ as external scalar fields, it is meant that, in order to derive the field equations from action (2.1), one should only consider variations with respect to the metric g µν , and not with respect to the scalar quantities G and Λ (that is why action (2.1) was labeled a functional of g µν alone) (on external scalar fields, see also [59, 61] ). Since the running of G and Λ are rooted on non-classical arguments, it is appealing to consider them external fields in the context of an effective classical action.
All the field equations derived from action (2.1), added to matter fields, read
where
3)
≡ g αβ ∇ α ∇ β , and ∇ α is the usual covariant derivative. These field equations are not sufficient for deriving g µν , G and Λ as spacetime functions, but they impose restrictions on these fields. In particular, G and Λ must be such that a certain classical consistency equation is satisfied [33] . This equation is derived below.
By assuming that the energy-momentum tensor T αβ is conserved, 6 which is also in accordance with Refs. [25, 26, [33] [34] [35] 41] approach, one derives that
Finally, by inserting the above result into Eq. (2.5),
In conclusion, the field equations (2.2) together with energy-momentum conservation implies Eq. (2.7). The equation above, in that compact form, can also be found in a number of works [45, 46, 60] . Reference [33] presents an equation that is equivalent to the above one, and calls it consistency equation, since it imposes a necessary condition on G and Λ in addition to any quantum conditions. We use the same nomenclature.
The RG improved action without external scalar fields
The use of external fields is not a problem by itself for classical dynamics, but it is an inconvenience since it obscures the classical dynamics and the relation between this and other gravitational models. Actually, if the energy-momentum tensor is assumed to be conserved, it is not hard to realize that the action (2.1) can be re-expressed without external fields (in case certain condition is met, details below). Consider the action
To our knowledge, in the context of the RG application to gravity, this action with that functional dependence was first considered in Ref. [45] , and in particular it was also used in Refs. [51, 60] . By varying the above action with respect to the metric one finds the field equations (2.2), whilst the variation of the above with respect to the scalar µ leads to
Equations (2.7, 2.9) are almost identical. It is assumed that µ is a field and that both G and Λ are functions of µ, hence it is always possible to write
dµ G, and therefore Eq. (2.7) can be written as
In conclusion, if Eq. (2.9) is satisfied, necessarily Eq. (2.7) is also true, and hence ∇ α T αβ = 0. On the other hand, in principle it is possible that Eq. (2.7), Eq. (2.10) and ∇ α T αβ = 0 are satisfied, but Eq. (2.9) is not. This may only happen in the case that ∇ α µ = 0 in some spacetime region. This possibility is developed in Ref. [59] .
The latter subtlety is the only possible dynamical difference between the action (2.1) with energy-momentum tensor conservation and the action (2.8). Such subtlety was not used or discussed in the previous references on the subject. In conclusion, the main difference between RG-induced modifications to the Einstein-Hilbert action and Scalar-Tensor gravity does not reside in the use of external scalar fields, unless one of the following nonstandard possibilities is considered: either ∇ α T αβ = 0 or, at certain spacetime regions, ∇ α µ = 0.
Scale setting at the action level
The action (2.8) can be seen as an improvement over the action (2.1), 7 nevertheless there is still a piece of information that was not explicitly added to the action, the scale setting. 8 In diverse approaches, the scale setting is considered as an additional equation alongside the field equations, e.g. [33, 34, 41, 52, 60, 62] . Nevertheless, in this approach of the RG improved action, it would be natural, and desirable, to provide every piece of necessary information in the action.
Albeit µ in the end should be expressed as a spacetime function, at a more fundamental level there should be some relation of this scale with other fields of physical relevance, hence in general the scale setting should have the form, µ = f (g, Ψ), (2.11) that is, µ should be expressed, in general, as a function of the metric and matter fields, the latter we do not specify the nature and collectively label them Ψ. It is not explicit in the above notation, but the function f may also depend on the derivatives of these fields. Actually action (2.8) contains a hidden scale setting, which comes from Eq. (2.9), as detailed in Refs. [44, 45, 49] . Namely, Eq. (2.9) states that R is equal to a function of µ. Then, if this function has an inverse, µ can be written as a function of R, and action (2.8) becomes equivalent to a particular case of f (R) action.
This structure may seem as unexpected from the RG perspective, since the scale setting does not come from an off-shell relation derived from RG arguments, but it is derived from the field equations. The consistency equation imposes a link between three RG relations, namely: i) the relation between G and µ, ii) the one between Λ and µ, and iii) the scale setting. Hence, if one starts from the assumption that the relations i and ii are fixed off-shell (i.e., G(µ) and Λ(µ) are given functions fixed at the action level), then the third one is fixed from the field equations. Here we shall consider another route that was not previously explored in generality, 9 namely considering that the relations i and iii are given at the action level, while ii is determined from the field equations. In this case, β G and µ have off-shell expressions (and hence they are necessarily system independent), but the gravitational parameter Λ is associated with an on-shell β-function (that is, a β-function that is not directly derived from pure QFT or quantum gravity expectations, but that uses the classical field equations). This implies that the form of the β Λ (and hence the relation between Λ and µ) depends in general on properties associated with other fields (including their boundary conditions), that is, depending on other fields properties at a given spacetime region, one may have either, say, Λ ∝ µ 2 or Λ ∝ ln µ. As far as we know, this possible change on β Λ depending on the system has not been systematically explored, but it is a natural consequence once one uses the field equations in order to infer β-functions. Indeed, this is not a usual feature for other forces, but gravity is significantly different from the other forces in diverse ways. It is a route that seems viable and hence needs to be explored. 7 Their dynamical content is the same assuming ∇αT αβ = 0 and ∇αµ = 0, whilst action (2.8) does not depend on external fields. 8 In Ref. [33] , the authors argue in favor of the scale setting (or the cut-off specification) at the action level, which lead them, for an arbitrary scale µ, to action (2.1). In that action, G can be expressed as a spacetime function since the scale (independently on its nature) should be in the end expressible as a spacetime function. Hence, in action (2.8), µ is an arbitrary scale and one should specify its meaning.
9 Particular aspects of this route were explored in Refs. [51, 60] .
We introduce the following notation: let F (µ) be the usual function that is defined off-shell (i.e., at the action level), and let F {µ} be a function that is not fixed at the action level, hence, in general, its expression as a µ function depends on the boundary conditions of the system, hence it is system-dependent. If, for a given system, one derives the F {µ} expression and, for the same system, re-inserts it in the action in the form of an off-shell function F (µ), then it is expected that the field solutions will be exactly the same. This is detailed in section 4. Nonetheless, F {µ} typically has nontrivial dependence on µ (it may be non-analytical) and for different systems it will change, while F (µ) is fixed for any system.
One way of achieving the scale setting at the action level is through the use of a Lagrange multiplier as follows,
The form of the field equations that are derived from this action do not depend on the use of Λ{µ} or Λ(µ); but the solutions are different in general, since Λ(µ) is fixed to be the same for every system, while Λ{µ} is derived for each particular system. Explicit examples on Λ{µ} derivations are shown in section 3. General properties and the consistency of the action (2.12) are detailed in section 4. Comparing with standard ST gravity, the equality µ = f (g, Ψ) imposes an additional restriction, but the relation between Λ and µ is left unspecified at the action level.
If it is possible to express µ as a function of G, then action (2.12) is equivalent to
It is straightforward to check that the actions given by Eqs. (2.12, 2.13) lead to equivalent field equations whenever one can invert G(µ) to express µ(G). This form will be useful to the comparison with the Brans-Dicke action in section 4.1.
Another relevant way to express action (2.12) comes from the elimination of the scalar µ, which leads to the action,
For completeness, Appendix A shows the equivalence between actions S andS. The above form shows that the RG improved Einstein-Hilbert action can be seen as a pure metric gravitational theory with a nonstandard coupling to matter. If ∂f /∂Ψ = 0, actions (2.12, 2.13, 2.14) will in general spoil energy-momentum tensor conservation, but as it will be seen in the next section, there is a particular class of scale settings (i.e., functions f ) with ∂f /∂Ψ = 0 that preserves energy-momentum conservation.
In order to develop particular examples, a particular and natural expression for G(µ) will be necessary. The following was derived from different approaches (see e.g., [25, 33, 37] ), and it can be inverted, 10
where ν is a small dimensionless constant. General Relativity corresponds to the ν = 0 case.
A covariant scale setting proposal and its application for relativistic fluids
In the context of stationary, slow velocity and weak field systems, some of us have introduced in previous works the scale setting 16) where Φ N is the Newtonian potential, defined by ∇ 2 Φ N = 4πG 0 ρ (where ρ is a matter density profile) with Φ(r → ∞) = 0, Φ 0 is some constant and µ is the RG scale written in dimensionless form. Such setting has achieved interesting phenomenological achievements, and we speculated on its possible connection to dark matter [41, 51, 60, [63] [64] [65] [66] . In order to both evaluate such proposal in other contexts, and to compare it to ST gravity, it is necessary to express the relation (2.16) in a covariant way. It is well known that in the weak field limit General Relativity provides a straight relation between Φ N and g 00 , namely g 00 = −1 − 2Φ N . One should note that there is no nontrivial scalar quantity that can be generated by the metric alone. If derivatives are considered, then the simplest scalar is R, but this scalar has no straight relation with 11 Φ N . The Newtonian potential Φ N is capable of encoding all the relevant information of gravitational systems within weak fields and small velocities. In particular, for a massive particle at r = 0, the Newtonian potential reads Φ N = −G 0 M/r, while the Ricci scalar R is simply a constant (equal to 4Λ) for any r > 0.
One way of generating the correspondence given by (2.16) is to consider additional vectorial quantities in order to single out a preferred frame (these vectorial quantities may or may not be written as the gradient of scalar quantities). It should be stressed that a reference frame that is at rest with respect to a certain system is not, in general, at rest in the preferred frame given by the vectorial quantities. Therefore, if this route is pursued, the relation (2.16) would depend on the difference between the rest frame of the system and the preferred frame given by the additional vector fields.
A standard approach to covariantize a quantity whose expression is known in a certain rest frame is to construct scalars by using the 4-velocity U α . This approach circumvents the issue indicated in the previous paragraph, since the vectorial quantity considered is the 4-velocity, hence the "preferred" frame given by the vectorial structure and the rest frame are the same by definition. For instance, if the quantity j 00 is known in the frame in which U i ≈ 0, one can compute the value of the scalar U α U β j αβ ≈ U 0 U 0 j 00 in that frame, and that value will hold in any frame. Nevertheless, for the case being considered, the corresponding scalar quantity is just a constant since U α U β g αβ = −1, hence this approach in this form cannot be used to covariantize the ansatz in Eq. (2.16).
For either a particle or a fluid whose four-velocity is denoted by U α , we consider the following covariant extension for Eq. (2.16),
where h αβ ≡ g αβ − γ αβ and γ αβ is a rank-two tensor. In order to disclose Eq. (2.16) from the above ansatz, one should look for solutions in which γ αβ is a Minkowski metric. The appearance of an additional rank two tensor in the context of the Renormalization Group application to gravity is not a novelty (see, e.g. [67] [68] [69] [70] ). 11 In the weak field limit it has a straight relation with ∇ 2 ΦN .
Considering this proposal the corresponding action in the form (2.12) coupled to a relativistic fluid is
(2.18) Depending on the fluid description, U α may or may not be a fundamental field. We consider the description presented in Ref. [71] , in which U α is a fundamental field and the fundamental thermodynamical variables are the rest mass density n and the rest specific entropy s,
(2.19) In the above S matter = S matter [g, U, n, s, η p , X], η p stands for the Lagrange multipliers η 1 , .., η 4 and ρ(n, s) is the energy density. The quantity X express the "particle identity", and is important for the description of fluids with rotational flow [71] .
In the following we show the influence of the term λ(µ − f (U α U β h αβ )) to the perfect fluid physics. From the action S variation with respect to n and U α , one derives respectively,
where f is the derivative of the function f . Therefore, contracting Eq. (2.21) with U α and using both Eq. (2.20) and the constraints associated with η 3 and η 4 ,
With the above results, we proceed to derive the S variation with respect to the metric, namely,
where it was introduced P ≡ n∂ n ρ − ρ [71] . Clearly the right hand side of the above equation only corresponds to the usual perfect fluid energy-momentum tensor if the term proportional to λf is zero. Indeed, from the variation of S with respect to γ αβ ,
and hence either λ or f are zero. The last option leads to standard General Relativity, since it implies that µ and G are constants. The case of interest corresponds to the solution λ = 0. This case is compatible with the running of G and Λ and does not directly change any fundamental property of the perfect fluid. In particular, one can check that the energymomentum tensor has the standard form, and that it is conserved (due to its own equations of motion). This is expected since only the terms proportional to λ may change any of the fluid properties. Moreover, since λ is zero at the level of the field equations, it is easy to verify that Eq. (2.9) also follows from the variation of S with respect to µ.
Procedures for deriving Λ solutions
The main purposes of this section are to show, with particular examples, how the solution for Λ can be derived and how this solution can change depending on the system properties. These solutions can be expressed as perturbations on a dimensionless RG parameter, which we call ν, and is such that for ν = 0 one recovers General Relativity, see Eq. (2.15).
There are some ways of deriving Λ. For some systems it is possible to first derive the metric solution and then derive the Λ solution [72] , but since the focus here is on Λ and not on the metric solutions, the most straightforward way is to use directly the consistency equation (2.7). 12 However, since in many cases the matter content is known but the metric solutions are not, it is sometimes more convenient to eliminate the R dependence in favour of a T αβ dependence. The trace of Eq. (2.2) reads
where T ≡ g αβ T αβ . Hence Eq. (2.7) is equivalent to
The above relation is exact, no approximations were done. This expression may not seem as a significant improvement for the case in which metric solutions are unknown, since the R dependence was eliminated, but the term G G −1 was introduced, which also depends on the metric. However, for the perturbative picture, Eq. (3.2) is an improvement since the metric only appears in a term that is at least of ν order.
Renormalization Group perturbation about exact General Relativity solution
Vacuum
We will consider the expression for G(µ) as given by 13 Eq. (2.15) and the following Λ expansion
where Λ 0 is a constant, since, by construction, for ν = 0 one needs to recover General Relativity. Also, the last condition implies that the metric solution and the energy-momentum tensor can be written as
12 Note that in general it is not possible to perform an integration on µ to solve Eq. (2.9), since the metric solutions should depend on µ, and this relation is unknown a priori. An exception of the latter observation is the case in which µ is fixed such that µ = f (R), in this case it is always possible to integrate Eq. (2.9) on µ (assuming that the function f has an inverse), even before knowing the metric solutions. Albeit technically easier, this identification is not favoured, see section 2.4. 13 To be more precise, for this subsection we do not need the full details of Eq. (2.15), we only use that G|ν=0 = G0 and that G −1 depends at most on the first order of ν. T αβ . At zeroth order on ν, Eq. (3.2) is trivially satisfied, since both G and Λ are constants.
Up to the first order on the RG effects, with
T = 0, and using the boundary condition Λ(G = G 0 ) = Λ 0 , the above equation has a simple solution which reads
The above result does not depend on any particular symmetry, hence it is quite general. On the other hand, this result is only guaranteed to hold if
In general the relation between Λ and either G or µ is system dependent. This should become clear with the particular cases that are presented afterwards.
Sphere of constant density
Before proceeding towards another perturbative scheme, we present an example with Λ 0 = 0 and (0) T = 0. Equation (3.6) alone shows that a zero value for Λ 0 does not imply that Λ will necessarily be null, since if matter is present it is possible to have Λ 0 = 0 and Λ = 0.
We consider the simplest exact General Relativity solution with spherical symmetry, static and non negligible energy density ρ (the "interior Schwarschild solution"). Let ρ be a positive constant inside the radius R, and zero outside. Considering no cosmological constant, the line element solution is well known within General Relativity and it reads (e.g., [73] )
with
where M is a constant. For the derivation of the above solution, the boundary conditions at R are such that the metric is continuous and differentiable at any point. In order for this mass distribution to be static, the fluid of constant density must have a nontrivial pressure. Indeed, from the above expression for the metric and using the Einstein field equations, one can derive the energy density and pressure of the fluid (see Eqs. 4.22, 4.23) .
Two properties of this General Relativity solution should be stressed: i) this system has discontinuous energy density at r = R, and continuous but non-differentiable pressure at the same radius; ii) in order to avoid any kind of singularity for r < R, it is necessary that M/R < 4/9 = 0.444.... For M/R > 1/2 the "star" becomes a black hole, and for 4/9 < M/R < 1/2 there is no static solution with finite pressure (see e.g., [74] ).
To solve the differential equation (3.6), a fixing condition for the scale µ must be used. We assume the ansatz (2.17) with G(µ) given by (2.15) and use
where η αβ is a Minkowski metric and we consider that the sphere is at rest with respect to the observer, hence U i = 0 was used above. The metric g αβ is the full spacetime metric, including RG corrections, that is g 00 = −A(r) + O(ν). Since µ only appears multiplied by ν, the field equations up to first order on ν will not depend on this "backreaction" on the µ setting, hence unless solutions up to second order on ν are envisaged, the approximation above is sufficient. We stress that the main purpose of the particular setting (3.11) is to illustrate the derivation of the Λ solution with a nontrivial General Relativity background and the ansatz (2.17).
All the necessary information to solve Eq. (3.6) was gathered above, and its solution, with the boundary condition Λ(R) = 0 reads
By using that, for x < 1, arctanh x = 1 2 ln 1+x 1−x , it is possible to eliminate the arctanh from the above, but it leads to a larger expression.
The boundary condition used above guarantees that Λ(r) is continuous at r = R, since outside the sphere Λ must be zero according to Eq. (3.7). Figure 1 shows a plot of the Λ solution (3.12) for certain values of M/R and compares it to ln µ, which was the behaviour derived for Λ 1 in vacuum when Λ 0 = 0. It is shown that as M/R decreases the solution approaches the logarithmic behaviour. This presents a concrete case in which the relation between Λ and µ (or between Λ and G) changes depending on the matter content of the system. Figure 1 also shows that the induced cosmological constant by the RG approach is roughly constant inside the sphere, and the order of magnitude of ΛR 2 /ν inside the sphere is about the same order of M/R. 14 
General Relativity perturbations with Renormalization Group perturbations
The perturbative picture just presented use exact General Relativity solutions, but such solutions are not always feasible to derive for many applications of physical interest. Hence, in practice, the use of two perturbations may be useful, namely a General Relativistic perturbation in regard to a certain background and a RG perturbation. Therefore, Eqs. 
2.15).
This perturbative scheme is particularly useful if the RG perturbations are considered to be of similar magnitude of the General Relativity ones (e.g., [41] ). In the above, the first number inside the brackets designates General Relativity perturbation order, and the second number inside the brackets corresponds to the RG one.
In the perturbative scheme above, some care is necessary on the role of Λ 0 . In particular, if one sets the background (0,0) g αβ to be a Minkowski metric, then Λ 0 is either of the same order of νΛ 1 or smaller. Similarly, in pure General Relativity, if the background is Minkowski the influence of the cosmological constant appears at most at the first perturbative order, likewise the influence of any matter density. In conclusion, within this approach and with T αβ = 0 and from Eq. (3.6) one derives Eq. (3.7). In this case, Λ 0 needs not to be small in any sense.
Conformal transformations
The existence of certain approximate relation between the RG corrections to the EinsteinHilbert action and conformal transformations is not a novelty [25, 33, 41] . Here we review this topic in connection with this paper approaches and results, with particular emphasis on the role of this approximate relation in the presence of matter and cosmological constant. This topic can be approached at the action level, but there are some subtleties that we think can be more easily conveyed at the field equations level, in particular for the non-vacuum case.
By doing the conformal transformatioñ 
17)
Therefore, by setting Ω 2 = G 0 /G, one can map the Einstein tensor G αβ into the tensor G αβ , up to first order on ν, namelỹ
where second order terms on ν were neglected. Consequently, ifg αβ is a solution of the Einstein equations in vacuum, then g αβ = G G 0g αβ is a solution for 20) up to first order on ν. For vacuum and up to first order on ν, the field equations (3.20) are indeed a particular case of the RG extension of General Relativity, in case Λ can be neglected at the same order on ν. The latter case can be realised, for instance, if the integration constant Λ 0 in the solution expressed in Eq. (3.7) is zero. In general, the presence of Λ can spoil the conformal mapping between General Relativity and its RG extension, but as remarked in Ref. [33] , there is a particular relation between Λ and G that can preserve the conformal mapping. It is curious, and we detail this here, that this relation is exactly the one derived for the vacuum case in Eq. (3.7). Indeed, consider thatg αβ satisfies the equationG
Therefore g αβ = G G 0g αβ , up to first order on ν, is a solution of
The conformal mapping is also preserved within the perturbative picture about Minkowski spacetime. In this case, Λ 0 does not contribute to the background metric, hence g αβ
, according to Eq. (3.15), the conformal mapping is preserved in the perturbative picture about Minkowski.
As a last remark on the use of conformal transformations, we consider the presence of a perfect fluid. This issue was briefly studied in Ref. [41] for a particular case and a different approach. For a review on certain general properties of conformal transformations on fluids, see e.g. [6] . LetT Using the proper timeτ as the affine parameter,
where n is a constant. Therefore, ifg αβ is a metric solution for the field equations given bỹ 26) then, up to first order on ν, g αβ = G G 0g αβ is a solution for 27) where it was used thatG
Clearly, the case of interest corresponds to n = 2. Since the conformal transformation employed here is not a physical process, but just a method to generate solutions, one should not worry on the physical interpretation of the definitions in Eq. (3.25). However, it is important to consider whether∇ αT α β = 0 is compatible with ∇ α T α β = 0. In general, it is not possible to satisfy both of them, sincẽ 
Action and perturbations from a Scalar-Tensor perspective
Actions, field equations and a modified Brans-Dicke approach
In Eqs. (2.12, 2.13) we presented effective actions for gravity with RG effects such that all their dynamical relevant equations can be straightforwardly derived from the action. Moreover the notation Λ{µ} was introduced in order to stress that Λ is not a known function of µ at the action level. The action (2.13) will be useful in particular for a comparison with Brans-Dicke theory.
Brans-Dicke without kinetic term
Consider the following Brans-Dicke action with a potential V , without a kinetic term for the scalar field (i.e., corresponding to the ω = 0 case), and with an action for matter,
The field equations read,
There are different strategies to look for the above equations solutions. A straightforward possibility is the following: from the knowledge of a specific potential V (φ), a energy-momentum tensor T αβ and certain boundary conditions, one may derive the solutions for g αβ and φ. In the end this procedure determines these fields as spacetime functions. Depending on the nature of the problem, one can try to invert the problem by fixing V (φ) from the knowledge of some expected behaviour of the metric. Nonetheless, once V (φ) is determined, it should be universal, that is, if V (φ) = φ 2 for cosmology, it should also be V (φ) = φ 2 for the solar system. On the other hand, we remark that any relation between the Brans-Dicke field φ and the metric (or other fields) is circumstancial, that is, is system dependent. For instance, for a given potential V (φ), a given T αβ and given boundary conditions for g αβ and φ, there may exist some algebraic relation between φ and other fields, but there is no reason for such relation to be preserved if either T αβ or the boundary conditions are changed, since there is no "constraint" that imposes such possible relation.
Brans-Dicke with a constrained field and system-dependent potential
If one uses the Eqs. (4.2, 4.3) but considers that the potential V (φ) is an unknown function of φ, it is not possible in general to determine all the three unknowns, namely φ, g αβ and provide a specific dependence of V on φ. In this picture, one has all the unknowns of a Brans-Dicke theory plus one. Consider that the potential is an unknown function of φ at the action level (i.e., V (φ) → V {φ}), and a constraint is imposed, such that it asserts a fixed relation between φ and other fields, namely,
The modified Brans-Dicke action above is identical to the RG gravity extension expressed in Eq. (2.13), apart from the replacements φ → G −1 and V {φ} → Λ{G}. For simplicity, assuming that F does not depend on derivatives on g αβ or Ψ, the field equations read 15 9) where the prime denotes a derivative with respect to φ. The above equations need not to satisfy ∇ α T αβ = 0. This can be straightforwardly verified from the field equations above, 15 In case F depends on derivatives on the metric or on the Ψ fields, then certain straightforward replacements are necessary, for instance λ
and it is also expected from the action (4.5), due to the term λ(φ − F ), which leads in general to δS M [g, Ψ]/δΨ = 0. Since Ψ is a set of fields of any tensorial nature, if there is at least a field, say ψ, such that the right hand side of Eq. (4.9) is zero and ∂F/∂ψ = 0, then λ = 0. A particular realisation of such ψ field comes from the ansatz (2.17), where the field γ αβ plays the role of this ψ field. In case the condition λ = 0 is met at the field equations level, the field equations become
From the first two equations above it is possible to infer that ∇ α T αβ = 0 (the proof follows the same steps presented for Eq. (2.7) derivation). It should be clear that the above equations have the same form of the field equations derived from the RG action (2.8), together with a scale setting condition for µ. Equations (4.10, 4.11) come directly from that action (apart from trivial change of names, and assuming that µ can be written as a function of G), Eq. (4.12) corresponds to the scale setting condition, and Eq. (4.13) is just a statement that the matter field equations are not directly affected by the RG effects in gravity. The form of the field equations (4.6-4.13) do not depend on whether one uses V (φ) or V {φ}, but the meaning of these differential equations, and their solutions, depend on these choices. Within the usual approach, there is a potential that is a known function of φ at the action level, V (φ). Hence, in Eq. (4.11), (V φ) is a just a known function of φ; that is, this equation is stating that R can be seen as a function of φ. If there is an inverse, one can express φ as a function of R, and the action (4.5), apart from the constraint term which will be discussed latter, becomes the well known f (R) action. The relation between Brans-Dicke with no kinetic term and f (R) theories is known for a long time, for reviews on this demonstration see, e.g., [7, 75] .
The above relation with f (R) was achieved by both assuming the existence of an inverse for (V φ) and ignoring the constrain, that is without using Eq. (4.12), which is an independent equation. From the RG perspective, this relation comes from QFT arguments that need not to have any relation with Eq. (4.11). Hence, if (V φ) is a given φ function that can be inverted, Eq. (4.12) is in general incompatible with Eq. (4.11).
For the case V = V {φ}, there is no reason for Eqs. (4.11, 4.12) be incompatible. In particular, one may interpret Eq. (4.11) as a differential equation whose solution will fix the relation between V and φ for a given system (this procedure is exemplified in section 3). It is correct to state that, for a given system, R is some function of φ due to Eq. (4.11), but contrary to the previous case such function is unknown beforehand, system dependent and for many cases it is noninvertible. Actually there is no need for V to be an analytical function of φ for a given system (which is a usual requirement for a potential V (φ)). Some aspects of the two latter points, the system dependence and inversibility, can be found in section 3, but below these points are developed in a more specific way.
The system dependent features are easily seen if Eq. (4.11) is re-written in a form analogous to (3.2) , that is by eliminating R. From the trace of (4.10),
hence Eq. (4.11) is equivalent to
The relation between V and φ in the standard scalar tensor picture is an off-shell relation, that is, a relation that is valid in spite of the field equations. The above equation, can be interpreted as providing an on-shell relation between φ and the other fields. In this usual picture, the left-hand side is a known φ function, while the right hand side cannot a priori be put in a form of a φ function, an hence this equation provides a on-shell relation between φ, φ and T . In the proposed picture where V is V {φ}, the left hand side is an unknown function of φ, while the right hand side satisfies a relation with a function of φ. This relation is in part provided by Eq. (4.12), which is absent in the standard Brans-Dicke case. Hence in the V {φ} picture, which is formally equivalent to the RG approach described previously, the relation between V and φ is an on-shell relation, and as such it is subject to changes due to changes in the matter content. In a certain region in the universe V could be closer to φ 2 , and in another region, say, φ 4 (or even be two different non-analytical solutions in different regions). Moreover, in the standard picture V (φ) is a φ function completely independent on the matter part, while in the system-dependent case V {φ} is a function of φ that can depend on constants that are associated with matter properties, hence two different systems can yield different solutions for V {φ}. There are some known exact solutions for the two first equations, which constitute Brans-Dicke exact solutions; but the difficult relies on deriving exact solutions that both satisfy the two first equations together with a nontrivial F function for Eq. (4.12). The next subsection enters in further details on the issue of solving these equation with a perturbative method, and its correspondence with section 3.
Perturbative schemes and their comparison
In section 3 it was shown how to derive perturbative solutions for Λ{G}. The steps are exactly the same for the derivation of V {φ}, since the RG approach with unknown Λ{G} and a fixed relation between G and other fields is formally the same problem of the proposed modified Brans-Dicke model. The purpose of this subsection is to invert the problem, putting it in a standard ST picture, where one starts from the knowledge of a potential V and derives the solution for φ. In order to proceed in this way, the potential that will be used at the action level will be the potential V {φ} (or Λ{G}) that was derived for vacuum. Note that this potential is a function of φ, but it has an unusual property, namely the constants it depends on are related with matter properties. This procedure is done both to check the correspondence with standard Brans-Dicke and to clarify the map between the perturbations of the different theories.
Vacuum
The starting point is the Brans-Dicke action (4.1) with S M = 0 and it is assumed that φ does not change much in regard to a certain background value which is a constant named φ 0 . That is, by defining
the assumption is that |ϕ| 1. Due to the above definition, the equality φ = φ 0 (1 + ϕ) is an exact one, that is, it is valid beyond the first order perturbation on ϕ.
The potential is chosen to be 17) which corresponds to the Λ derived for vacuum in Eq. (3.7), apart from the notation change. The field equations that the metric and φ must satisfy are given by Eqs. (4.2, 4.3) with T αβ = 0. Equation (4.2) up to the zeroth order on ϕ is simply General Relativity in vacuum and with cosmological constant V 0 . Equation (4.3) can be re-written as Eq. (4.15), which in turn it is also equivalent to (assuming ∇ α φ = 0), 16 (4.17) . It is curious that the potential (4.17) has the property of leading to solutions that are valid for arbitrary φ (up to first order on ϕ). The reason for this behaviour associated with this particular potential can be traced to the conformal transformation relation presented in section 3.3.
Sphere of constant density
As a second example, we consider the solution inside a uniform density matter considered in section 3.1.2. In order to convert that solution into the notation and procedures of a BransDicke theory, the task is to convert the Λ(r) expression (3.12) into a potential V (φ). This procedure was trivial in the previous example since we already knew how to express Λ and a function of G −1 . We divide this task in the following steps: i) since µ = 1/A (according to Eq. (3.11)), we will first express r as a function of A; ii) express r as a function of G −1 ; iii) from the knowledge of Λ(r), we can therefore express V (φ) (which is Λ(G −1 ), apart from a notation change).
Since the Brans-Dicke picture is also perturbative, and in some sense up to first order, it is tempting to assume that the final expression for V (φ) should be a linear function on φ, but this is not necessary, and this example will show this. The essential point is that although φ/φ 0 − 1 is a first order term on ϕ, the term (φ/φ 0 − 1)/ν, where ν is a small constant, can be much greater than the former if ν is sufficiently small. Equation (3.9) defines the function A(r). To simplify the notation, we choose to measure both the distance r and the "mass" M in R unities, which effectively is the same of replacing R by 1 in the equation that defines A, and to be even more economic we simply set R = 1 (which implies that both M and r are now dimensionless). It should be clear that the function A does not have an inverse for arbitrary M values. Actually, considering the previous discussion on V {φ} and Λ{G −1 }, one should not expect to be able to write V as a function of φ for arbitrary values of the parameters that describe matter. In particular, for r ≤ 1 and 0 ≤ M < 4/9 = 0.444..., it is possible to write r as a function of A, namely
Indeed, by solving the equation A (r) = 0 for M , one derives that either M = 0 or M = 4/(9 − r 2 ). Since 0 < r < 1, A(r) is a monotonic function for M < 4/9 (otherwise A will have a local minimum). The next step is to express r as a function of 
In the above it was used that, for x < 1, arctanh x = 1 2 ln 1+x 1−x , and A, ϕ andφ should be seen as the following shorthand notations:
In order to clarify the correspondence between the Λ(r) expression given in Eq. (3.12) and the V (φ) expression presented above, one can do a map between certain general properties that Λ(r) has and V (φ) must also posses. Firstly, Λ(r) is zero at zeroth order on ν and it is non null at first order. Indeed the same property can be spotted in V (φ) if ϕ is a perturbation of the ν order. Indeed, if one writes the φ perturbation (ϕ) as ϕ = νφ, assuming that |νφ| < 1 and |ν| < 1, then Eq. (4.20) is clearly a first order ν expansion in which the zeroth order term is zero. It can be easily spotted that both Λ and V are null functions if M is zero. From a standard Brans-Dicke perspective, from one side the potential given above is reasonable since the only field it depends is on φ, on the other hand it has the peculiar feature that the constants it depends happen to coincide with the constants that describe the matter distribution. Another important property is that Λ(r) satisfies the boundary condition Λ(1) = 0 (using R = 1). To show that V (φ) satisfies the same boundary condition but with a different notation, first one should note that r = 1 implies A = 1 − 2M . Let φ 1 be the value of φ that corresponds to r = 1, then φ 1 = φ 0 (1 − 2ν ln(1 − 2M )), and indeed it is easy to check that V (φ 1 ) = 0. Now that V (φ) is known for a relevant range on M , the next task is to apply it into Eq. (4.15). In conformity with the perturbative picture, within the lowest order on ν, and using the potential (4.20), Eq. (4.15) becomes
T . T is the trace of the energy-momentum tensor of the General Relativity solution for the interior of a sphere of constant density, T = −ρ + 3p, with [73, 74] 
Combining the above, Eq. (4.21) can be solved to yield 24) and hence 25) where A(r) is given by Eq. (3.9). The above expression for φ clearly coincides with the expression for G(µ) and the scale setting used for µ which lead to the Λ expression in Eq. (3.12). In conclusion, in the above it is illustrated in detail how one can start with the cosmological constant that is derived from the RG approach, interpret it as a potential within standard ST gravity, 18 and then derive G(µ(x)), hence inverting the problem. The above also shows how to map the perturbative RG effects into the perturbative ST case.
Conclusions
The running of G and Λ at astrophysical scales, within the framework of the Renormalization Group (RG), is being currently considered from a number of different approaches [25, . It extends General Relativity (GR) and such effect needs not to be negligible. In particular, its magnitude may be sufficient to become important to the proper understanding of either dark matter or dark energy.
Notwithstanding the interest on these theories, the differences between the RG extensions to GR and the probably most natural and well known covariant extension of GR, namely standard Scalar-Tensor (ST) gravity, has not received due attention. Among the three large classes of approaches to the implementation of RG effects in gravity (i.e., the improved action, improved equations or the improved solutions [33] ), here we studied the case that is most similar to ST gravity, namely the improved action case. The latter started to be studied and compared with Brans-Dicke-like actions in Ref. [33] , and the main difference was said to be due to the use of external scalar fields. For the simplest and probably more natural case in which the scalar field G do not appear with derivatives (see Eqs. 2.1 and 2.8), Refs. [44, 45, 49] have shown that there is no need to use external scalar fields and that this approach can be reduced to a particular class of f (R) gravity (considering also that ∇ α T αβ = 0 and ∇ α µ = 0 everywhere, if the latter condition is dropped, see Ref. [59] ). On the other hand, the approach used by some of us in Refs. [41, 51, 60] is consistent with Ref. [33] , but cannot be reduced to an f (R) gravity.
Here it is shown that if one starts from a motivation for β G (the β-function of G) and for the RG scale µ identification, as the one proposed in section 2.4, then the action to be used is given by Eq. (2.12), or equivalently by Eq. (2.14), where the running of Λ is not universal or fixed at the action level, but it is inferred from the field equations. In this case, the RG extended GR needs not to be either a class of f (R) theories or even of standard ST theories.
The use of ST theories with system-dependent potentials, in spite of its connection with the RG effects, can be a relevant approach by itself. General results valid for any ST theory for a given system are automatically valid for the system-dependent potential case. We have shown in section 4 how to map solutions between the standard and the systemdependent cases within different perturbative schemes. We stress that, while the standard case is defined from the specification of the function V (φ) at the action level, and the relation between φ and other fields is circunstancial, for the system dependent case it is the relation between φ and the other fields that is specified at the action level, and the relation between V and φ is circunstancial. Moreover, a natural perturbative scheme in one picture does not lead necessarily to a natural perturbative scheme in the other picture. In conclusion, these approaches lead in general to different physical results once different systems are contrasted. A possible application of this ST structure is for screening mechanisms, e.g., [76] [77] [78] [79] , which we plan to address in a future work. sense, since (although not explicit) f may also depend on an arbitrary number of derivatives on the metric g αβ and on the matter fields Ψ, that is to fully explicit the f dependence one should write f (g, Ψ, ∂g, ∂Ψ, ∂∂g, ∂∂Ψ, ...).
First we write the actions S andS as follows, whereδS/δg αβ is a variational derivative that only considers explicit terms on g αβ , hence it does not consider the metric terms inside f . In other words, the full variation with respect to the metric is given by the first two terms in Eq. (A.9).
To conclude, we note that Eqs. (A.7, A.8) (together with Eq. A.5) are equivalent to Eqs. (A.9, A.10), and hence S andS generate the same field equations and are classically equivalent. It is assumed that all the surface terms coming from integrations by parts are zero.
